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ABSTRACT
This thesis presents an investigation for the elastic deformation of two-phase fib-
ril composites with soft inclusions, specifically, the influence of soft inclusions on
the behavior of fibrils under compressive loading. It is demonstrated that the in-
clusion of soft material in the fibril matrix substantially alters the post-bifurcation
response of elastic fibrils. First, nonlinear finite element analysis is used to demon-
strate that due to localized instabilities, fibrils with soft inclusions exhibit negative
post-buckling stiffness. The local instability is postulated to follow the same post-
buckling behavior as a beam on an elastic foundation, through a semi-analytical
approach, it is shown that an unstable post-bifurcation response emerges. Addi-
tionally, using numerical analysis, careful patterning of the inclusions is shown to
induce complex surface topography attributed to the local buckling modes, such as
wrinkles and folds. Furthermore, through natural frequency eigenvalue analysis, it is
demonstrated that fibrils with soft inclusions in the post-buckling region have local
modes with negative ω2. Negative ω2 is only observed in negative stiffness systems
and associated with local modes of instability. Through Bloch wave analysis it is
observed that due to the complex deformation modes of buckled fibrils with soft
inclusions, widening band-gaps that are proportional to the prescribed load emerge.
The findings presented in this thesis provide alternatives to the manufacturing of
negative stiffness systems that relies on curved beam elements. It also serves to
introduce the possibility of utilizing soft inclusions in achieving controllable surface
morphologies. Finally, demonstrate the possibility of modulating acoustic bandgaps
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1.1 Background and Motivation
Understanding the mechanics of composite materials is a long-standing quest in
science and engineering. With the emergence of new manufacturing technologies,
such as 3D printing [1] and fabrication using pop ups, folding, and bending [2, 3, 4],
it has become possible to realize material systems with non-classical properties,
including origami structures, meta-beams, and functionally-graded materials. These
materials exhibit tunable response as a direct consequence of a structured micro-
mechanical building block that is arranged in a manner which dictates the overall
material performance. Examples include tunable compressive modulus [5], tunable
surface morphology and band gap response [6, 7, 8].
The main focus in the literature thus far has been primarily on the behavior of soft
matrix reinforced with stiffer inclusions [2, 9], or on the response of porous media
[10, 11, 12], aiming to enhance the material properties. Recently there has been
some interest in analyzing mechanics of composites with soft inclusions in a stiffer
matrix. For example, Style et al. [13] demonstrated that it is possible to enhance
the stiffness of solids by using liquid inclusions through leveraging surface tension
effects. Several other studies discussed the influence of adding softer phase-changing
materials to concrete to enhance its thermal characteristics [14, 15]. The mechanical
response of composites with softer inclusions continues to be largely un-explored.
Another emerging theme in applied mechanics that is currently under study is
ruga-mechanics [16], which is concerned with corrugation patterns, such as wrinkles,
creases, and folds that emerge on solid surfaces. These surface topographies are
found ubiquitously in nature, perhaps the most common example is the human
brain [17]. These instabilities and surface pattern transformations have been mainly
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analyzed in two-layer material systems in which a thin stiff layer is laid upon a softer
substrate [18]. A direct extension of this, and possibly with more complex response,
may be thought of as a stiff matrix with softer inclusions such that in the vicinity
of the inclusions, the system behaves locally as a two-layer material system. This
paper explores the rich mechanics of these composite systems.
Although instabilities have classically been linked with structural failure, numer-
ous analytical [19, 20], computational [21, 22], and experimental [23, 24, 25] studies
in the recent years suggest that such instabilities may be harnessed to trigger changes
in acoustic, optical, and mechanical properties of materials [26, 27]; opening new
pathways for the realization of programmable matter [28]. For example, Singama-
neni et al. [29] demonstrated that tunnability of photonic properties is possible
in periodic porous structures through the control of mechanical instabilities at the
sub-micron scale. Coulais et al. [30] has shown that meta-beams may be designed
through patterning of voids to exhibit negative post-buckling stiffness, which may be
utilized to produce extreme damping under dynamic load. Timothy Klatt [31] pre-
sented an analytical and numerical scheme demonstrating that through controlled
buckling of small-scale constituents it is possible to achieve negative overall stiff-
ness, which leads to superior damping characteristics. While local buckling of stiff
fibers in softer matrix [32], or local buckling of ribs in a porous structure, has been
widely investigated, there is a gap in the literature when it comes to local buckling
phenomena in composites with softer inclusions. Intuitively, if the inclusion is soft
enough compared to the matrix, it will not suppress the buckling of the matrix ribs.
However, unlike the case of porous materials, the soft inclusions provide non-zero
resistance to the buckling of the ribs, which may trigger higher order buckling mode
and lead to a richer static and dynamic post-buckling response [33].
This thesis aims to fill the literature gap regarding the mechanics of composites
with soft inclusions under overall compressive loading and demonstrates unexpected
outcomes particular to the soft inclusion case that are not realizable in the limit of
zero stiffness inclusion. It demonstrates using analytical and numerical models the
possibility of achieving negative post-buckling stiffness even if just a single soft
inclusion is used. Furthermore, it illustrates the rich surface morphology that is
facilitated by patterning these soft inclusions.
The thesis also presents a study of the dynamic response of fibrils with soft inclu-
sions demonstrating that buckled fibrils which exhibit discontinuous buckling have
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localized modes with negative frequency w2 indicating the unstable post-buckling
response associated with local instabilities. Furthermore, through its rich and com-
plex deformations patterns fibril with soft inclusions can yield a band gap structure
that can be tuned and utilized in the applications of vibration isolation and wave
guiding.
1.2 Thesis Overview
This thesis presents a detailed study of the behavior of fibrils with soft inclusions in
its post-buckling configuration.
• Chapter 2, introduces one of the principles of this thesis, which is that fibrils
with soft inclusions can produce discontinuous buckling. The aim of this
chapter is to demonstrate the role of the soft inclusion in creating a different
bifurcation path that results in an unstable post-buckling response. We further
introduce the formation of wrinkles on the surface of the fibril due to the matrix
material buckling over a softer substrate, resembling thin films buckling on
elastic substrate.
• Chapter 3, outlines the methodology used to evaluate the response of a com-
posite with stiff matrix and soft inclusions. The governing balance equations
and the constitutive model of the hyperelastic constituents is introduced. In
addition, the framework for studying the dispersion relation for waves propa-
gating in an elastic media is provided.
• Chapter 4, demonstrates the post-buckling response of the fibril with a soft
inclusion using nonlinear variational analysis for a beam resting on an elastic
foundation. In order to demonstrate the local unstable response, a semi-
analytical approach for this problem is presented. Furthermore, the impact of
the foundation (substrate) stiffness is studied.
• Chapter 5, presents the results of finite element simulations to demonstrate
that fibrils with soft inclusions exhibit negative post-buckling response. These
results complement and validate the results obtained in Chapter 4. In addi-
tion, an investigation of the impact of the inclusion dimensions and material
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properties is conducted, illustrating the impact of inclusions in the overall be-
havior of the composite fibril. This study is then expanded to demonstrate
the different deformation modes attainable for varying geometry, arrays, and
layered stiffness.
• Chapter 6, presents the dynamic analysis results. Natural frequency extrac-
tion is conducted for the beam to understand the role of the negative post-
buckling stiffness and identify the transition of local modes to negative w2.
Furthermore, through Bloch wave analysis, we demonstrate the emergence
and evolution of band gaps in fibrils with soft inclusions.
• Chapter 7, summarize and conclude the thesis. The findings in Chapter 4, 5,




A GLIMPSE IN POST-BUCKLING RESPONSE
2.1 Discontinuous Buckling
Buckling of straight beams under axial compressive load is one of the most fun-
damental problems in structural engineering, and is indeed considered as the most
basic example of elastic instability. Elastic instability has been studied rigorously
for all different type of structures. However, the starting point for these analyses
was Euler elastica[34], which gave approximate estimate for the buckling load and
post-buckling behavior appropriate for slender beams. Timoshinko[35] further ex-
panded on the work of Euler and proposed to incorporate shear effects into the beam
theory, which improved the estimates provided in Euler elastica for wider beams.
We note that the solution of the Euler elastica for a straight beam results in a pos-
itive post-buckling stiffness of the beam. Nonlinear finite element analysis of the
same problem yields similar results. Under sufficient axial compression, homoge-
neous fibrils with aspect ratio of 10% experience global mechanical instability and
buckle. Consequently, the fibril ability to support load is substantially reduced, yet
the post-buckling stiffness remains positive as shown in Fig.2.1a .
While this is the case for slender straight beams, it was demonstrated that for
wider beams, meta-beams [30], or sufficiently curved beams [36], the post-buckling
stiffness becomes negative. This response is referred to as discontinuous buckling.
One of the main objectives of this thesis is to demonstrate that a straight beam
with soft inclusions can also exhibit discontinuous buckling as shown in Fig.2.1a. In
the presence of the soft inclusion, the global mechanical instability is followed by a
local instability that results in the fibril following an unstable bifurcation path with




Figure 2.1: (a) The reaction force vs end shortening diagram and the buckled shapes,
illustrating the different post buckling behavior of (b) homogeneous fibril which
undergoes traditional stable post-buckling behavior with a positive post-buckling
slope,and (c) composite fibril with embedded inclusions that exhibit unstable post-
buckling behavior with observable negative slope.
2.2 Wrinkles
Another interesting feature associated with the behavior of fibrils with soft inclu-
sions is the emergence of wrinkles on the surface of the fibril due to local buckling.
Wrinkling is found ubiquitously in nature, such as human brains or skin wrinkles.
The term wrinkling is attributed to the buckling of stiff thin layer of film over a
soft substrate underneath. Human skin for example is made up of 3 layers, with
the top-most layer being the stiffest; aging results in the formation of compressive
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Figure 2.2: The wrinkling of skin due to buckling of a thin stiff layer of a softer
foundation, where h is the thickness of the thin film layer, A is the amplitude of
buckling, and λ is the wave length[37].
stresses that causes skin to wrinkle as shown in Fig.2.2 [37]. Generally, the reason
behind the buckling of the thin film could be compressive load, thermal loads, or
swelling.
To further understand this phenomenon, let’s first consider the problem of a
plate that is under axial compression. Energy minimization dictates that it is more
favorable for the plate to buckle than compress. The buckling of plates is governed
by Eqn. 2.1; under sufficient compressive load the plate buckles and the deformation
pattern is described by a half sine mode.
D∇4w + N̂αβw,αβ = 0 (2.1)
If the plate is resting on an elastic substrate, the deformation of the thin film
causes the energy of the substrate to also increase. While initially the half sine mode
was most favorable for the plate, bonding the plate to a soft substrate changes that.
The half sine deformation pattern would cause a significant increase in the state
of energy for the overall system. Accordingly, the plate buckling follows higher
favorable deformation modes that minimize the overall energy [38]. A common
approach to model the plate buckling is using idealizing the substrate as a Winkler
foundation consisting of elastic springs [39]. This model approximates the buckling









Where h is the plate thickness, H is the thickness of the substrate. Ê = E/(1− ν2)
such that E is the Young’s modulus, ν is the Poisson’s ratio, and subscripts p and s
indicates plate and substrate, respectively. For incompressible material with ν = 0.5,
this model breaks down and the determination of the foundation contribution is more
complex.
The role of distributing soft inclusions within a stiff matrix composite acts in a
similar manner, where every section can be treated as film over an elastic substrate.
As compressive load is applied, the stiff matrix in the vicinity of the inclusion wants
to buckle; however, since the stiff matrix is resting on a soft substrate, the buckling
mode is dependent on the properties of the layers under the stiff matrix. Although,
after the fibril buckles globally, different sections are under different types of loading.
This allows for changes in the local buckling modes based on its location within the
fibril. In some cases, local buckling can occur prior to global buckling depending on
the slenderness ratio of the fibril compared to the stiff rib that is resting over the
elastic substrate.
In this thesis, a similar model is proposed, where the local buckling behavior is
modelled as a beam resting on an elastic foundation, for thin plates this assumption
is quite valid. Due to the complexity of computing the foundation elastic modulus,
a numerical finite element model is used to obtain an approximate value. This
analysis is limited to the behavior of the inclusion located at mid-span of the fibril,





Let us consider the one-to-one mapping denoting the motion to be
x = χ(X, t) (3.1)





For initial domain Ωo ⊂ R and current domain Ω(t), an applied traction t and in









Through conservation of mass and Cauchy theorem, the above equation can be
reduced to the following form∫
Ω(t)




where T is Cauchy stress tensor. Implementing the divergence theorem, the final
form of the balance of linear momentum in its Eulerian perspective is given as:
Tij,j = ρv̇i (3.5)
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It is convenient to work in the undeformed perspective as the information known
is given in the underformed configuration, thus transforming into the Lagrangian
perspective to obtain
Sij,j = ρoV̇i = ρoχ̈i (3.6)
where Sij is the first order Piola-Kirchoff Stress tensor. To satisfy the 2nd Law of
Thermodynamics and under the assumption of hyperelastic material, S is defined in






In this analysis both the matrix and inclusion material are modeled as hyperelastic
material. This model can be described using the following strain energy function









(J − 1)2 (3.8)
where Î1 = J
− 2
3 tr(F.FT) and J = det(F). The strain energy function is chosen
to satisfy the material objectivity and laws of thermodynamics. A neo-Hookean
model is used to describe the constitutive behavior of the hyperelastic material. The
strain energy function is representative of Helmholtz free energy, and represents the
elastically stored free energy per unit volume of rubber. The formulation is based on
statistical mechanics of rubber, where the molecular chains are assumed to follow
a Gaussian distribution [41]. While simplistic in nature, the neo-Hookean model
captures the behavior of most rubber like material accurately, specifically those
used in 3-D printing. applications[42].
• Stress versus strain relationship is governed by,
S = µJ
−2
3 F + J
[







For the wave propagation problem, consider an incremental displacement imposed
on a given prescribed displacement. These incremental deformations should satisfy
the balance of linear momentum (BLM) governing the dynamic problem. Taking
incremental displacement ū in consideration yields,
S̄ij,j = ρo ¨̄ui (3.10)
where, (¯) denotes incremental values. Considering only incremental deformations,
it is convenient to also represent the stress and strain relationship through the






































kj , K = δikδjl −
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3
δilδjk, A = F−1ji F
−1
lk (3.13)

















It follows that for incremental displacements the stress-strain relationship can be
written as,
S̄ij = LijklF̄kl = Lijklūk,l (3.15)
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Starting from the equation of motion, the wave propagation problem is analyzed
using Bloch wave analysis [43] and implemented in Finite element approach [44].
First consider a harmonic wave motion that corresponds to,
ū(X, t) = Φ̄(X)e−iwt (3.16)
with ω describing the frequency of vibration. It follows from stress being a function
of F that the stress is also a complex valued field represented in a similar manner.
S̄ = Σ̄e−iwt (3.17)
By substituting in the balance of linear momentum ,the equation is reduced to
Div(Σ̄)e−iwt = ρoω
2Φ̄e−iwt (3.18)






Inserting this into Eqn.3.18 yeilds
LijklklkjΦ̂k = ρoω
2Φ̂k (3.21)
where kl is the Bloch wave vector that conveys the direction of the wave propagation
within the medium.
Furthermore, to properly satisfy the periodicity boundary condition any function
F within the space of the problem is defined as such.
F(X) = F(X + L) (3.22)







Φ̂(X) = Φ̂(X + L)e−ikL (3.24)
The reciprocal lattice is mapped from the direct lattice and can be represented









with e = B1×B2||B1×B2|| such that
AiBj = 2πδij (3.26)







The periodicity relationship is imposed on the stress strain model
Φ̂Re(X) = Φ̂Re(X + L) cos(kL) + Φ̂Im(X + L) sin(kL) (3.28)
ΦIm(X) = Φ̂Im(X + L) cos(kL)− Φ̂Re(X + L) sin(kL) (3.29)
At this point It proves convenient to split all fields into real and imaginary parts.
Thus the incremental BLM can be written as
Div(Σ̄Re) = ρoω
2Φ̄Re, Div(Σ̄Im) = ρoω
2Φ̄Im (3.30)


















where, K and M are the tangential stiffness and mass matrices respectively. To
apply the periodicity constraint on the displacement, we define a connectivity matrix
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ūi indicates the interior nodes displacement and ūa and ūb are the equivalent bound-
ary nodes, where Q is defined as such
Q =

I 0 0 0
0 cos(kL) 0 sin(kL)
0 I 0 0
0 0 I 0
0 − sin(kL) 0 cos(kL)
0 0 0 I

(3.33)












Q = 0 (3.34)
In a more compact form;
K̄− ω2M̄ = 0 (3.35)
The problem is solved in an in-house code to find the frequencies of elastic wave
propagation for varying wave vectors k. The computational effort involved in solving
this problem is substantially reduced through implementing Craig-Bampton method
to condense the degree of freedoms associated with the interior nodes.
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3.4 Finite Element Setup
The behavior of the fibril with soft inclusion is studied using finite element sim-
ulations. The simulations provide significant insight on the response of the fibril
to large elastic deformations both before and post buckling. In this section, the
problem definitions that govern the numerical simulations presented in this thesis
are demonstrated.
3.4.1 Geometry
A polymer fibril with total length L and width h is considered. The fibril contains
patterned inclusions. The inclusion is of length Li and width t. The unit cell used
in this study is presented in Fig.3.1. The length L of the unit cell is 290 µm, the
depth h is 30 µm, S is 35 µm, t is 4 µm, Li is 40 µm, and the distance between the
rows c is 16 µm. The dimensions are chosen arbitrarily since the elastic problem
described is independent of the scale. The impact of the geometric parameters will
be thoroughly studied to identify its effect on the behavior of the fibril. In our
analysis, the length scale used is µm and the stress scale is GPa.
Figure 3.1: Material model of the proposed composite material, showing the stiff
matrix material and soft inclusions. The geometry of inclusion is defined through
the thickness t and length Li, the patterning is defined by the horizontal spacing S
and vertical spacing c, with overall composite length L and height h.
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3.4.2 Material Properties
For the hyperelastic constitutive model used, the matrix material is considered the
stiff constituent with Young’s modulus of Em=0.5 GPa, Poisson’s ratio of vm=0.495,
and bulk density of ρm=2000 kg/m
3, which is similar to that of collagen fibrils [45].
The stiffness of the inclusion varies throughout our discussion, the inclusion stiffness
is described by the stiffness ratio, that is the ratio between the matrix stiffness and
inclusion stiffness (Em/Ei). The density of the inclusion is chosen as ρi=1400 kg/m
3.
3.4.3 Numerical Model
The FEM software Abaqus [46] is used in the numerical analysis of the model.
8-node biquadrilateral elements are used in the model. The study is considered
for a generalized plane-stress domain using a quasi-static analysis. Geometric non-
linearities is considered throughout this analysis. A full newton scheme is used to
compute the displacement field.
3.4.4 Loading Conditions
Prior to buckling, the problem is considered as uniaxial compression in the direction
of the principle axis of the fibril. The load is applied through a prescribed end-
shortening u. During this quasi-static analysis, the ends of the fibril are restricted
to move in the horizontal direction only. End shortening is applied on both ends
equally and in opposite directions. The displacement is applied incrementally with
rate u̇ = −2 × 10−7 µm/s, which is small enough to render any inertia effects
negligible and to ensure convergence of the nonlinear solver.
ux(r, y) + ux(l, y) = u, uy(r, y) = uy(r, y) = 0 (3.36)
where r and l denote the right and left edges of the fibril, respectively. For band gap
evolution of the composite, Bloch-periodicity is imposed at the two ends of the fibril.
We further add a roller to remove instabilities that might occur due to the relaxation
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of the model. Eqn.3.37 defines the Bloch periodicity boundary conditions.
ūx(r, y) = ūx(l, y)e
−ikL, ūy(r, y) = ūy(l, y)e





To evaluate the behavior of the fibril post global buckling, local instabilities and the
global buckling of the fibril are considered separately. First, the global buckling of
a fibril under axial compression is considered through Euler elastica, then the local
instability happening in the fibril is isolated and treated as a problem of a beam
resting on an elastic foundation and solved using variational analysis. The overall
interaction between the global and local buckling contributes to a global negative
post-buckling stiffness. The results presented here are complemented by conducting
FEM simulation for the overall response of a fibril with soft inclusions in Chapter
5.
4.1 Global Buckling
The global buckling of the fibril can be approximated by elastica formulation, as
shown in Fig.4.1, based on the fact that the fibril aspect ratio is very small. The
strain energy function is reduced to the following form as a function of the end
deflection.
Figure 4.1: The fibril under axial compression P and transverse displacements w(x)
[47].
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The deflection of the beam is based on the transverse deformation w(x) and the

















The total energy in the system is given by the strain energy U due to the rotation of
the beam minus the applied load energy Pu. Where u is the applied end shortening.
V = U − Pu (4.2)







































































F (w′′, w′)dx (4.7)
We observe the above functional is in terms of w′′ and w′, where the prime is used
to denote the derivative with respect to x. We can implement Hamilton’s principle











Alternatively, the bifurcation load can be obtained by minimizing the total potential
energy functional V in terms of the displacements to obtain the value of P that
causes global buckling. The linear version of this equation is the Euler elastica,
which indicates that the beam will buckle with deformation modes equivalent to a
sine wave that satisfies the imposed boundary condition.
w(x) = A sin(
nπx
l
) n = 1, 2, . . . (4.9)






For this specific problem, considering small perturbation beyond the critical load,
it is observed that the post-buckling behavior is stable in nature [48]. It was shown
that the post-bifurcation stiffness Et of an incompressible bar is given through







(I/A) is the radius of gyration of the corss section.
Figure 4.2: Post-bifurcation behavior of an incompressible bar demonstrating posi-
tive post-buckling stiffness (stable system) [48].
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4.2 A Semi-analytical Model: Beam on Elastic Substrate
To unravel the origin of the negative post-buckling stiffness, the following semi-
analytical approach is presented. We idealize the rib that undergoes local buckling
as a beam resting on an elastic substrate and the soft inclusion is idealized as an
elastic substrate providing resistance to transverse displacement. This is described in
a finite deformation sense through the following strain energy presented in Eqn.4.12,
which is a function of the rotations, Cauchy-Green strain εxx associated with axial







EIθ2 − Pε2xx + kw(x)2dx (4.12)
where k is the effective modulus of the elastic foundation and Li is the length of the
idealized rib.
The solution of the beam on an elastic foundation is done in a two step process;
the deformation of the rib is computed using the linearized version of the governing
equation and then used as an admissible solution for the non-linear problem. Ex-






































such that λ is a length scale, and σ is P/Pcr, with Pcr being the critical buckling























Through the quadratic terms in the potential energy, one can find the governing
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equation for the linearized problem using Hamilton’s principle.
ζ(η),ηηηη + 4σζ(η),ηη + 4ζ(η) = 0 (4.16)
We assume that the beam is fixed at the ends, that is, the local rib is restrained at
both ends due to its embodiment in the matrix material. Accordingly, the boundary
conditions reduce to:
ζ(0) = 0 ζ(
Li
λ
) = 0 ζ(0),ηη = A ζ(
Li
λ
),ηη = A (4.17)
where A is an arbitrarily applied normalized end moment. The above boundary
value problem admits a closed form solution based on the value of σ. This evaluation
is based on solving the eigen-form of the problem and obtaining the roots of the
solution. For this biquadractic equation there exists four roots; periodic solutions
are only admissible if σ ≥ 1. The first and smallest critical buckling load is thus




















The displacement mode shown in Eqn.4.18 is used as an admissible function for a



























Eqn.4.19 serves as a starting point for the study of the post-buckling response of
a beam resting on an elastic foundation. The solution of the problem depends on
perturbing the amplitude of the displacement. Applying Taylor series expansion on
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Considering only quadratic terms would yield the linearized version of the problem,
the non-linearities are attributed to higher order terms. In the limit of small per-
turbations, the contribution of higher order terms above the fifth are negligible, and






























The derivatives of the displacement is then substituted in Eqn.4.21 and integrated
over the domain Li/λ. The energy is minimized by considering ∂V/∂A = 0 and
then solving for the post-bifurcation normalized load σ in terms of amplitude A.
4.3 Foundation Modulus
The modulus of the substrate is computed through pr = kw(x), where pr is the dis-
tributed reaction of the foundation against the rib. This analysis is done numerically
using the finite element model shown in Fig.4.3. Four different stiffness ratios are
considered (SR=25, 50, 100, and 200), the corresponding Foundation modulus k is
demonstrated in Fig.4.4 showing k values of 3.8, 3.2, 2.6, and 1.9 GPa, respectively.
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Figure 4.3: Model and boundary conditions being investigated to compute the value
of the foundation modulus c, the reaction force p(x) is computed toward the applied
displacement w(x).
Figure 4.4: The reaction forces p(x) versus the transverse displacement w(x) for dif-
ferent inclusion stiffness of SR=25, 50, 100 and 200. The corresponding foundation
coefficient k is 3.8, 3.2, 2.6 and 1.9 GPa, respectively.
4.4 Post-buckling Behavior of Beams on an Elastic
Foundation
From the foundation modulus obtained in Sect. 4.2, the length scale is computed
to be λ = 6.45 for SR=100, and using the parameters provided in Chapter 2. The
deformation mode is computed from Eqn.4.18. Finally, through minimization the
values for σ, post-buckling is computed in terms of A. We further note that the
amplitude A is monotonically increasing with the end shortening. The relationship
between A and σ is presented in Fig.4.5, which demonstrates that for a beam resting
on an elastic substrate, the post-buckling behavior is unstable in nature, given the
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assumption that the soft inclusion is modeled with constant transverse stiffness.
While in this approximate analysis, the stiffness of the substrate term is assumed
constant, it should be noted that in the full model setup, the local rib is resting on
a soft non-linear hyperelastic material which is in turn resting on a stiffer material
(the matrix). That is, the transverse stiffness supporting the rib is composed of a
series of different layers suggesting that the thickness of the inclusion should play
a role in the analysis, as will be discussed shortly. Furthermore, it is intuitive to
realize that should the stiffness of the inclusion approaches that of the fibril, the
local instability will vanish.














Figure 4.5: Post-buckling relationship between amplitude A and σ obtained through
the perturbation of amplitude A, where σ = 1 indicates the buckling load of the rib
in the non-linear analysis.
4.5 Impact of Varying Foundation Modulus k
In the above analysis, the results are limited to a single k value. In order to be com-
prehensive, it is critical to assess the influence of the inclusion parameters. We take
as an example, the effect of substrate modulus. The different foundation modulus for
various inclusion SR is computed using the finite element model shown in Sect.4.3.
Fig.4.6 presents the relationship between the normalized stiffness (dσ/dA), and the
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perturbed amplitude A to demonstrate the impact of varying foundation modulus.
For the various substrate modulus, a negative post-buckling slope is still observed.
However, a non-monotonic response exists where initially as the stiffness of inclusion
is increased, the negative slope is larger in amplitude. However, when the stiffness
is further increased, a reduction in the negative stiffness value is obtained.
















Figure 4.6: Post-buckling stiffness relationship between amplitude A and σ obtained
through the perturbation of amplitude A, where σ = 1 indicates the buckling load
of the rib in the non-linear analysis.
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CHAPTER 5
POST-BUCKLING RESPONSE OF FIBRILS
WITH SOFT INCLUSION
In this chapter, we present the results of the finite element simulations to demon-
strate the role of different inclusion parameters on the post-buckling response of
the fibril. We also include a case where the stiffness of the inclusion becomes zero,
idealizing a void, for comparison purposes.
5.1 Reference Case
Fig.5.1a, outlines the four different stages of compression the fibril undergoes. The
magnitude of the displacement is presented to illustrate these different stages. Ini-
tially, the fibril is undergoing axial compression. When the composite reaches the
critical load, it starts to buckle and the compressive stresses are localized in the
bottom rib of the composite. This localization of stress results in local buckling in
the rib that is resting on the softer inclusion. Following the stability analysis out-
lined in Section 3, we expect that the post-buckling stiffness of the rib is negative.
This is indeed verified by the numerical simulations. In the post buckling regime,
as shown in Fig.5.1b, the slope of the force-displacement curve is negative. With
further loading, the slope starts to decrease and then stagnates. Fig.5.2 shows the
stress concentrations prior to buckling and post-buckling, demonstrating the local-
ization that contributes to the instability of the rib. Through out the analysis the
stresses do not exceed the tensile stress of collegan fibrils [50]. Fig.5.3 details the
formation of the wrinkle: as the rib buckles and the soft inclusion elongate reaching
to 33% at 13 µm end shortening, the strain localized within the inclusion does not




Figure 5.1: Response of composite fibril to end shortening (a) different stages of
compression, starting with contraction, then buckling which induces localized insta-
bilities, eventually stagnation, (b) the reaction force versus and the end-shortening
showing negative post-buckling slope and stagnation phases.
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(a) (b) (c)
Figure 5.2: Von mises stress distribution in MPa inside the fibril as end shortening
is applied: (a) fibril right before buckling occurs with stress distributed in the en-
tirety of the fibril around the top and bottom rib, (b) post-buckling response with
localization of stress around the bottom rib which causes instability, and (c) the
stagnation response with the emergence of wrinkles.
(a) End shortening 8 µm (b) End shortening 10 µm (c) End shortening 13 µm
Figure 5.3: Maximum in-plane elastic strain under various end shortening showing
the increase in elongation in the inclusion due to the progressive localized buckling;
at 13 µm end shortening, the elastic strain reaches 33%.
5.2 Mesh Sensitivity
To ensure mesh independence from the solution obtained from the finite element
simulations, a mesh sensitivity analysis is conducted on the results obtained for the
reference case shown in Fig.3.1 for the same material properties and geometry. Two
cases are considered, first the impact of refinement on critical buckling load, then the
impact of refinement on a slightly perturbed load at 10 µm end shortening. The aim
is to obtain an optimal mesh size such that the solution accuracy is not compromised
as well as minimize the computational cost of the simulations. Another important
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factor in the choice of the mesh size is the spacing between the inclusion and the
surface of the fibril.
Fig.5.4 demonstrates that as the mesh size decreases the buckling load and the
post-buckling load converge to the solution. Furthermore, the buckling load varies
0.002 KN in magnitude as the mesh is refined from 1 µm to 0.5 µm. It is noted
that at 1.5 µm mesh size the refinement is sufficient to capture the exact behavior
of the rib resting on the soft substrate. For computational efficiency, a mesh size of
1 µm is utilized in our static analysis.
Figure 5.4: Mesh refinement influence on the post-buckling behavior of the compos-
ite fibril.
5.3 Effect of Inclusion Thickness and Row Spacing
In this section the post-buckling response of the fibril is evaluated with varying width
of the inclusion. We consider inclusion thickness t of 2, 4, 6, and 8 µm and row
spacing c of 20, 16, 12, and 8 µm. In these cases, the width of the inclusion is fixed at
Li=40 µm and only the thickness t is changed. The post-buckling response in each
case is examined to quantify the impact of the inclusion width on the post-buckling
slope. The resulting buckling shape is also presented to evaluate the influence of the
inclusion on the surface profiles of the buckled fibril and the emergence of wrinkles.
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Figure 5.5: Buckled shape of two difference cases: (a) case 1 with the thickness of
the inclusion equal to 2 µm, and (b) case 2 with the thickness of the inclusion equal
to 8 µm.
Fig.5.6 summarizes the effect of the inclusion thickness on the buckling response
of the fibril. As the thickness of the inclusion increases, the overall stiffness of the
fibril decreases. Accordingly, the fibril buckles at lower load. The overall horizontal
stiffness of the composite demonstrated in Fig.5.6a further illustrates such behavior.
Fig.5.6b shows that as the inclusion thickness increases, the post-buckling re-
sponse of the fibril approaches that of a homogeneous problem, and the negative
stiffness is no longer observed. On the other hand, when the inclusion thickness
is very small (e.g. t=2 µm), the adjacent rib requires higher compressive force to
initiate localized buckling, thus causing the delay in the negative stiffness response.
This is further observed in Fig.5.6a, where the structural stiffness starts to drop
initially, yet maintains a stable post-buckling behavior. However, as soon as the
localized instabilities start to develop, the stiffness drops into the negative regime
and then an unstable post-buckling behavior is observed.
The buckled shape of the fibril is examined for the two extreme cases with t=2
µm and t=8 µm, as presented in Fig.5.5. For the first case shown in Fig.5.5a, we
observe in the bottom surface of the fibril an emergence of wrinkles at the mid
span, and the top surface resembles that of the homogeneous case. Case 2, shown in
Fig.5.5b, demonstrates that when the inclusions are thicker, there is an emergence of
a folding behavior due to the bending at the edge inclusions. This folding behavior
describes a deviation from the smooth surface profiles usually associated with the
buckling modes. It is observable that the fibril with the inclusion thickness of 2 µm
is experiencing a special case where the unstable buckling response is delayed. If
we track the post-buckling deformation progress of this special case in Fig.5.6a, it
is clear that global buckling is not directly followed by localized modes, but rather
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the fibril proceeds to buckle globally and, consequently, the fibril remains in the




Figure 5.6: Post-buckling response of composite fibril with four different inclusion
thickness: (a) progressive loading of composite fibril demonstrating the relation-
ship between the end-shortening and the resulting reaction force in longitudinal
x-direction, and (b) longitudinal stiffness representation through the reaction force
vs. end shortening slope for various inclusion thicknesses.
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5.4 Effect of Inclusion Length
Fig.5.7 shows the force versus end-shortening relationship when the inclusion length
is varied. Four cases are considered with Li=40, 60, 70 and 80 µm. The critical
buckling load decreases with the increased volume fraction of soft inclusion (i.e.
increasing the inclusion length). Furthermore, it is worth noting that the localized
buckling behavior depends vastly on the distribution of inclusions within the matrix,
since for the fibrils with the longer ribs, the localized effects do not emerge on the
onset of global buckling. However, the post-local buckling stiffness is approximately
the same across the different cases.
The buckling mode shown in Eqn.4.18 is directly correlated with the length; this
dependency captures the additional flexibility added to the model through the in-
crease in length of the rib. Accordingly, for a similar wavelength, a longer fibril
would yield more wrinkles. Numerically, this is shown to be the case as illustrated
in Fig.5.8.
Figure 5.7: Effect of Li on the load versus end-shortening.
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Figure 5.8: Buckled shape of two difference cases: (a) case 1 with the length of the
inclusion equal to 40 µm, and (b) case 2 with the length of the inclusion equal to
80 µm.
5.5 Effect of Stiffness Ratio
Fig.5.9a shows the influence of the stiffness ratio on the composite force displacement
response for four different stiffness ratios (Em/Ei) 50, 100, 250, and 500. The
buckling occurs at lower load for materials with higher stiffness ratio. The onset of
local buckling is also delayed for a higher stiffness ratio.
Fig.5.9b suggests that the maximum value of the negative stiffness in the post-
buckling regime does not vary monotonically with the stiffness ratio. In particular,
the peak negative stiffness initially increases with increasing stiffness ratio up to a
critical value and then decreases again. This agrees qualitatively with the predictions
of the semi-analytical model shown in Fig.4.6. This response may be understood
as follows. If the stiffness of the inclusion is zero, there is no resistance to the
local buckling of the rib and the post-buckling stiffness in non-negative. As the
stiffness of the inclusion increases, its resistance to the rib transverse displacements
increases, leading to higher modes of local buckling and increased apparent negative
stiffness. If the stiffness of the inclusion approaches that of the matrix, the overall





Figure 5.9: Post-buckling response of composite fibril with four different stiffness
ratios: (a) progressive loading of composite fibril demonstrating the relationship be-
tween the end-shortening and the resulting reaction force in longitudinal x-direction,
and (b) longitudinal stiffness representation through the reaction force vs. end short-
ening slope for various stiffness ratios.
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Figure 5.10: Buckled shape of two difference cases: (a) a composite fibril with
stiffness contrast of 50, and (b) composite fibril with stiffness contrast of 500.
5.6 Special Case: Voids
To evaluate the limit of the stiffness of the inclusion goes to zero, let us consider
a case of a fibril with voids having the same dimensions as the inclusions in the
reference model. Initially the material is being compressed and the ribs that are
not supported undergo transverse deflection. Further end shortening induce global
buckling in the entire fibril.
Figure 5.11: The Response of fibril with soft inclusions compared to fibril with
voids demonstrating the impact of the inclusion in producing negative post-buckling
stiffness.
For the post buckling response, Fig.5.11 demonstrates that the fibril does not
experience negative post-buckling stiffness. We attribute that to the absence of the
transverse stiffness component, which induces the unstable post-buckling response.
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That is, if we consider the limit that k → 0, it is expected that the local buckling
mode will have a stable bifurcation similar to the global buckling mode, yielding an
overall postive post-buckling stiffness. This complements the findings in Sect. 5.5.
Fig.5.12 illustrates the deformation stages of the fibril.
Figure 5.12: The progressive deformation of voided fibril showing the its different
stages of (1) initial configuration, (2) post initial compression with the ribs deflecting
in the transverse direction, (3) the onset of buckling, and (4) fully buckled fibril.
5.7 Varying Deformed Surfaces
In this section, the alternative deformation modes attainable for a buckled fibril
with soft inclusions are discussed. The goal of this section is to provide alternatives
for material design and demonstrate the capabilities of fibrils with soft inclusions in
producing complex surface topography. To this end, a deviation from the reference
case is needed to demonstrate several other alternative configurations that could
yield different deformation modes.
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5.7.1 Inclusion Geometry
Up till this point, the investigation provided has only been limited to inclusions
of rectangular shapes. In this section, the prior analysis is extended to include
inclusions of varying geometry. Fig.5.13 demonstrates the deformation modes for
the three different cases of inclusions. The distance between the inclusion and the
surface is the same for all the considered cases.
First, consider diamond shaped inclusions shown in Fig.5.13a. The buckling of the
stiff matrix surrounding each inclusion follows the inclusion shape, demonstrating a
narrow peaked wrinkle as shown in Fig.5.13b. The deformed surface then consists




Figure 5.13: Effect of inclusion geometry on the deformation modes of the fibril with
soft inclusions, (a) diamond, (c) triangular, and (e) square inclusions with (b), (d),
and (f) being the respective deformed shapes.
Triangular inclusions, as shown in Fig.5.13c, result in surface wrinkles that are
based on the distribution of stiffness as demonstrated in Fig.5.13d. As the stiffness
underneath the rib approaches that of the matrix material, the surface displacements
vanishes resulting in almost flat connections between the centers of the inclusions.
Fig.5.13f demonstrates the deformation patterns associated with small square
inclusions as shown in Fig.5.13e, the small square inclusions allows for the matrix
to deform in a wavy pattern. It should be noted that the stiffness of the inclusions
plays a significant role in the amplitude of the wrinkles.
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5.7.2 Non-uniform Arrays
The impact of arraying the inclusions has yet to be understood, in the reference case
and in all subsequent analysis only two identical arrays of inclusions were considered.
In this section, the impact of arraying the inclusions within the fibril is discussed.
Through this analysis, the results for two different cases of arrays for square in-
clusions are demonstrated. For the configuration demonstrated in Fig.5.14a, the
behavior is similar to that observed in Fig.5.13f, with the matrix rib having a half
sine deformed shape. However, it is also observed that the stresses are more localized
causing higher deformation amplitudes. For the configuration shown in Fig.5.14c,
the inclusions are arrayed to allow for a softer overall section between every other
inclusion. This specific distribution results in bisected peaks as shown in Fig.5.14d,
because the softer sections deform more readily when compared to sections with
only a single inclusion.
(a) (b)
(c) (d)
Figure 5.14: Effect of inclusion arraying on the deformation modes of the fibril with
soft inclusions, (a) four arrays with square inclusions distributed in a staggered
manner, and (c) four arrays with square inclusions distributed in non-staggered
manner, with (b) and (d) being the respective deformed shapes.
5.7.3 Inclusion Stiffness Distribution
Previously, the impact of inclusion stiffness was discussed, however, the stiffness of
the inclusion remained constant. In this section, the impact of varying substrate
stiffness along the fibril thickness is considered. This was done through including
another inclusion with stiffness Ee within the body of the initial substrate. Two cases
are evaluated to study the different deformations. First, consider a case where the
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inclusion is softened by adding another inclusion with a lower modulus of elasticity,
such that Ee < Ei as shown in Fig.5.15a. The addition of a second softer inclusion
contributed to the emergence of channel-like deformations on the bottom surface,
and a wavy upper surface as demonstrated in Fig.5.15b. This behavior is attributed
(a) (b)
(c) (d)
Figure 5.15: Effect of inclusion stiffness distribution on the deformation modes of
the fibril with soft inclusions: (a) softer inclusions is embedded within the main
inclusion, and (c) a stiffer inclusion with Ee = Em embedded within the main
inclusions, with (b) and (d) being the respective deformed shapes.
to sections with inclusions experiencing significantly larger deformations than the
sections without inclusions. Secondly, if the second inclusion has a similar stiffness
to the matrix material (Ee = Em) as seen in Fig.5.15c, a step like surface emerges.
The surface morphology changes due to the stiff inclusions resisting the deformations
caused by the buckling of the surface as illustrated in Fig.5.15d. Furthermore, the
wrinkling of the middle inclusions is substantially altered showing variations in the
peak amplitudes due to varying stiffness underneath the rib.
5.8 Fibril Aspect Ratio Larger than Rib Aspect Ratio
(t/L tr/Li)
So far the discussion has been particular to deformations of a fibril with a small
aspect ratio, such that the local instabilities ire induced by the global buckling of
the fibril. However, it is also important to consider the limit where the aspect ratio
of fibril is significantly larger than that of the rib resting on the soft substrate.
When t/L  tr/Li, local instabilities emerge without global buckling occuring.
The realization of this limit implies that each section in the fibril for which an
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inclusion exists will behave as a thin film resting on a multilayered substrate. Surface
morphologies due to the buckling of thin films resting on elastic substrates have
been investigated for layers of constant stiffness [51, 52], elastic graded substrate
[53], or for fiber stiffened substrate [54]. However, to the best of our knowledge, no
studies have been conducted on composite system consisting of multiple distributed
soft inclusions. In composite structures, it would be possible to tune the surface
morphologies based on the distribution of soft inclusions around the surface, similar
to what was proposed in Sect. 5.7.
To illustrate the behavior of fibrils with aspect ratios much larger than the rib
aspect ratio, a fibril with L = 440 µm, Li = 30 µm, t = 100 µm, tr = 3 µm,
SR = 100, S = 10 µm, and c = 74 µm is considered as shown in Fig.5.16a.




Figure 5.16: Deformation of the thick fibril with soft inclusions exhibit local buckling
prior to global buckling: (a) underformed configuration, (b) deformed shape at 12
µm end shortening, (c) deformed shape at 20 µm end shortening, (d) deformed shape
at 32 µm end shortening, and (e) the max in-plane strain at 32 µm end shortening.
only the top half is presented. As shown in Fig,5.16b, as the fibril undergoes end
shortening of 12 µm the rib starts to bend over the elastic substrate causing the
surface to start wrinkling. Fig.5.16c demonstrates the deformed surface at 20 µm
end shortening with an observable increase in the peak amplitude α (the distance
between the highest and the lowest points on the surface). Fig.5.16d demonstrates
surface deformations prior to global buckling of the fibril. The maximum in-plane
strain is shown in Fig.5.16e displaying localized strains in the elastic inclusions.
Fig.5.17 demonstrates the relationship between the peak amplitude α and the
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ratio of end shortening to fibril length (u/L) prior to global buckling. The sudden
growth in amplitude indicates the emergence of local instability.
Figure 5.17: The relationship between ratio of end shortening to fibril length and
the peak amplitude, demonstrating significant surface morphologies.
In Fig.5.18, it is shown that by including an additional array of soft inclusions, it
is possible to substantially alter the surface morphology to include bisecting peaks,
and varying peaks along the fibril length. This behavior is due to the second array
of inclusions not being perfectly aligned with the one above it, allowing for a vary-
ing behavior based on the distribution of stiffness under the surface. The possible
configurations for soft inclusions are numerous, allowing for tunnability and control-
lablity of the surface patterns. This allows a great deal of flexibility in the design
process, compared to thin films resting on an elastic substrate.
(a)
(b)
Figure 5.18: Effect of adding an additional array of inclusions: (a) the distribution
of the new array of inclusions, and (b) the maximum in-plane strain localized in the
inclusions showing varying surface deformations.
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CHAPTER 6
DYNAMICS OF FIBRIL WITH SOFT
INCLUSIONS
6.1 Natural Frequency
To determine the natural frequencies ω of the composite fibril, the generalized eigen-
value problem [K − ω2M = 0] is solved, where K is the stiffness matrix and M is
the mass matrix. The problem setup is presented in Chapter 3; the thickness (t) and
length (Li) of the inclusion are 4 µm and 40 µm, respectively, and the stiffness ratio
is Em/Ei = 100. The tangent stiffness matrix and the mass matrix are obtained
form the finite element formulation and a Lancoz algorithm is utilized to solve the
generalized eigenvalue problem.
In this chapter, 4 different cases are evaluated, where the fibril buckles globally
under 12 µm end shortening. First, a reference buckled homogeneous fibril is con-
sidered, for which the first three eigenmodes and corresponding frequencies ω2 are
shown in Fig.6.2. It is observable that for a homogeneous fibril in the post-buckled
configuration, ω2 associated with the first mode remains positive as illustrated in
Fig.6.2a. The positive ω2 indicates positive post-buckling stiffness. A similar anal-
ysis is conducted on a fibril with a single soft inclusion, where a distinguishable
observation is made from the reference case. In fibrils with soft inclusions localized
modes emerge due to localized deformation. Prior to local instability the associated
ω2 with the first localized mode is positive, however, post local instability the ω2 for
this mode becomes negative as illustrated in Fig.6.1d; this is indicative of unstable
local instability. In Fig.6.5 the relationship between the ratio of end shortening to
the total fibril length versus ω2 is shown to demonstrate the transition of the local
mode from positive to a negative ω2 due to local instability.
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(a) 1st mode at ω2 =0.89 (b) 2nd mode at ω2 =4.3 (c) 3rd mode at ω2 =17.2
(d) Localized mode at ω2 =-47.7
Figure 6.1: Frequency ω2 in rad2s−2 × 1012 and associated eigen modes for a fibril
with a single inclusion, showing the first three modes (a,b,c) and localized mode (d)
The analysis is then expanded to two other cases: (1) a fibril with multiple pat-
terned soft inclusions which exhibits negative post-buckling stiffness, and (2) a fibril
with multiple patterned voids with positive post-buckling stiffness. Both cases ob-
serve local instabilities: however, one major difference is that in the fibril with soft
inclusions the local bifurcation behavior is unstable. It is demonstrated in Fig.6.3d
that the first local mode of instability has negative ω2. The transition from positive
ω2 to negative is illustrated in Fig.6.5 for a fibril with multiple patterned soft inclu-
sions. While in the case of voided fibril, the first localized mode remains positive as
shown in Fig.6.4d.
(a) 1st mode at ω2 =0.48 (b) 2nd mode at ω2 =3.8 (c) 3rd mode at ω2 =18.25
Figure 6.2: Frequency ω2 in rad2s−2 × 1012 and associated eigen modes for a homo-
geneous fibril, showing the first three modes(a,b,c).
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(a) 1st mode at ω2 =1 (b) 2st mode at ω2 =2.7 (c) 3st mode at ω2 =13.7
(d) localized mode at ω2 =-29.9
Figure 6.3: Frequency ω2 in rad2s−2 × 1012 and associated eigen modes for a fibril
with patterned inclusions, showing the first three modes (a,b,c) and localized mode
(d).
(a) 1st mode at ω2=0.89 (b) 2nd mode at ω2=4.3 (c) 3rd mode at ω2=17.2
(d) Localized mode at ω2=34.1
Figure 6.4: Frequency ω2 in rad2s−2 × 1012 and associated eigen modes for a fibril
with patterned voids, showing the first three modes (a,b,c) and localized mode (d).
6.2 Band Gap Analysis
Mechanically triggered large deformation, instability-induced interfacial wrinkling,
and tension-induced tunable corrugations have been harnessed to tune the evolution
of elastic and acoustic band gaps [7, 11, 55, 56]. Bragg diffraction and local reso-
nance are the two mechanisms that govern the band gap emergence in composite
materials [57, 58]. Bragg diffraction is observed when both the elastic wavelength
and the periodicity of the structure are similar. This band-gap profile can be tuned
by material design [59, 60, 61], and controlled deformations pattern [62]. Local res-
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Fibril with single inclusions
Fibril with multiple patterned inclusion
Figure 6.5: The relationship between ratio of end shortening to fibril length and ω2
for the localized mode, demonstrating the transition from positive to negative due
to instability
onance is a direct consequence of the contrast between phases within the composite
structure.
In this section we focus on investigating the influence of negative post-buckling
stiffness on the band gap structure of the composite fibril with soft inclusion. For
that purpose, Bloch wave analysis is conducted to evaluate the emergence and evo-
lution of band-gaps for buckled fibrils with soft inclusions, using the procedure
described in Chapter 3. We also consider, for comparison purposes, the band-gap
structure for a fibril with single void. For the soft inclusion case, two sub-cases
are considered: (1) a single inclusion, and (2) multiple distributed inclusions. The
geometry and material properties is the same as those presented in Section 3; the
thickness (t) and length(Li) of the inclusion are 4 µm and 40 µm, respectively, and
the stiffness ratio is Em/Ei = 100. Bloch wave boundary conditions is applied as
mentioned in Sect. 2.3.
First, let us consider the band gap evolution profile for a fibril with a single
inclusions as shown in Fig.6.6a. It is shown that buckled fibrils with soft inclusions
demonstrate widening band-gaps in the lower frequency range. Five narrow band
gaps are initially observed at 9 µm end shortening within [0.48, 0.55], [0.85, 0.86],
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[0.90, 0.905], [1.20, 1.25], and [1.759, 1.768] MHz. It is also demonstrated that
with further end shortening, most of the band gaps observed widen. At 17 µm
end shortening, four of the five band-gaps initially observed expand within [0.39,
0.65], [0.72, 0.85], [0.96, 1.03], and [1.15, 1.30] MHz. This observation indicates the
significant contribution end shortening has on the band-gap structure of composite
fibrils.





































































Figure 6.6: The band gap structure evolution for fibrils with soft inclusions demon-
strating widening band gaps with increased loading, (a) fibril with single inclusion
in its buckled configuration, (b) fibril with multiple inclusions in its buckled config-
uration, and (c) fibril with single void in its buckled configuration.
To evaluate the impact of multiple inclusions within the fibril, the results for the
band gap evolution is illustrated in Fig.6.6b. It is observed that at 9 µm end short-
ening, three narrow band gaps emerge within [0.40, 0.47], [0.82, 0.86] and [1.41,
1.45] MHz. Similar observations are made showing that as the fibril undergoes de-
formation, these band gaps widen to [0.33, 0.51], [0.92, 1], and [1.4, 1.46] MHz. An
emergence of additional low frequency band gap is observed at 17µm end shorten-
ing within [0.57-0.60] MHz. We note two distinguishable differences between these
two cases. Due to the addition of inclusions, the stiffness of the fibril is reduced
contributing to lower band gap frequencies. Furthermore, incorporating inclusions
47
altered the overall band-gap structure of the fibril such that fewer gaps are observed.
The existence of band gaps in porous structures is well documented in the liter-
ature [63, 64], thus, it is interesting to study whether a fibril with soft inclusions
can produce comparable band gaps as a fibril with voids. The band gap evolution
of a fibril with single void is shown in Fig.6.6c. Initially, at 9µm end shortening,
the fibril with voids shows three wider band-gaps than observed in the fibril with
single inclusion within [0.45, 0.59], [0.87, 0.93], and [1.77, 1.82] MHz. However, with
further loading, the response of both cases converge to similar band gaps with the
exception of a high frequency band gap within [1.73, 1.84] MHz.
It is noted that a homogeneous fibril has no band gaps before or after buckling,





We aim to shed some light on the interesting features of composite materials with
soft inclusions. To this end, we study the behavior of a two-phase composite fibril
made of a stiff matrix and soft inclusions under large compressive deformations. It is
demonstrated that fibrils with soft inclusions have negative post-buckling stiffness.
We further showed that local instabilities contribute to the emergence of surface
morphologies associated with the buckling modes. Dynamics of the fibril are also
studied to demonstrate how the soft inclusion alters the natural frequencies of the
system, and show the emergence, and evolution of band-gaps using Bloch wave
analysis.
Discontinuous buckling describes a system that exhibits negative post-buckling
stiffness. While this behavior is observed in complex systems [65], and in some
meta-materials [30], the utilization of soft inclusion to induce such response has
not been mentioned. Through a finite element model, it was demonstrated that
a composite fibril with soft inclusion can exhibit unstable post-buckling response,
where the axial stiffness of the fibril becomes negative. This behavior is attributed
to the local instabilities induced by the global buckling of the fibril. As the fibril
buckles globally, stress is concentrated in the vicinity of the inclusion causing the
stiff matrix surrounding the inclusion to buckle on the soft substrate underneath.
This local behavior contributes to the transition from positive stiffness to negative
stiffness.
To further explain the unstable behavior of the local instability, we postulated
that the global buckling causes bending moments around the rib resting on an
elastic foundation, that in turn causes the rib to buckle. We isolated this specific
behavior and developed a semi-analytical approach to solve the non-linear problem
of a beam resting on an elastic foundation. Through minimizing the strain energy
functional V , it is demonstrated in Fig.4.5 that the rib does experience unstable
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post-buckling response for any perturbed amplitude. The analysis is expanded to
evaluate the response of changing foundation modulus, mimicking a change in inclu-
sion thickness or stiffness. It was observed in Fig.4.6 that the post-buckling response
varies significantly with the substrate modulus showing a non-monotonic behavior.
The negative normalized stiffness of the fibril vanishes in the limit k → 0, while in
the case of SR=1 (Ei = Em) local buckling does not manifest. These results validate
the numerical results produced in Chapter 5.
We note that while the semi-analytical model captures the unstable post-buckling
response of the beam resting on a substrate, there are several limitations to the
current model.
• The model assumes that the normalized end moments are symmetric, while
during the global buckling of fibrils that is not entirely the case, similar to the
observations made in the multiple inclusion case.
• The model does not capture the nonlinearities of the elastic substrate.
The deformation modes that couple the global and local behavior produce rich
surface morphologies, such as wrinkles and folds. Similar surface morphologies have
been recently associated with enhanced mechanical, and acoustic properties with
applications in tunnable adhesion [66], diffraction grading [67], and electronic de-
vices [68]. Furthermore, recent interest has been seen toward the manufacturing of
deployable 2D structures that can transform into 3D structures using compressive
buckling [69, 70]. The fibril presented in this study can be utilized in similar ap-
plications, and further tuned to obtain edges using thicker inclusions as shown in
Fig.5.5, or wavy surfaces using longer inclusions as shown in Fig.5.8.
Through the simulations, it was shown that both the post-buckling stiffness and
the surface morphologies can be controlled through inclusions patterning, dimen-
sions, and stiffness. We observed that although a single inclusion, as shown in
Fig.2.1a, is capable of producing unstable post-buckling response, the negative stiff-
ness is enhanced through the distribution of inclusions within the matrix material as
observed in Fig. 5.1b. It is shown both numerically and analytically that the post-
buckling response does not behave monotonically with the change in the inclusion
stiffness.
Several other modifications to the fibril were considered to uncover the impact
of other parameters on the surface topography, as discussed in Sect.5.7. Through
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different choices of inclusion geometry, as shown in Fig.5.13, the surface topography
of the post buckled beam varied substantially. Non-uniform arrays of inclusions
further altered the surface topology through inclusion interacting between each array
as shown in Fig.5.14. Additional consideration was given to the stiffness distribution
within the fibril. It was demonstrated in Fig.5.15 that surface morphologies vary
significantly according to the distribution of stiffness in the fibril.
Studies on the buckling of thin films attached to elastic substrate demonstrated
the capabilities of producing surface morphologies such as wrinkles, creases and
folds. However, this bilayered system lacks the flexibility to produce varying sur-
face topography. To demonstrate the potential of fibrils with soft inclusions in
producing tunnable surfaces without global buckling, the case of fibril aspect ratio
exceeding that of rib resting on the elastic substrate was considered. As illustrated
in Fig.5.16, the local instabilities emerge prior to the global buckling, resulting in
surface wrinkles with amplitude that varies based on end shortening ratio to fibril
length. Furthermore, it was shown in Fig.5.18 that through modifying inclusions’
distribution within the fibril, the surface topology could change along the length of
the fibril to form bisecting peaks or peaks with different amplitudes.
A natural frequency analysis was conducted to study the dynamic response of
buckled fibril composites with soft inclusions. The behavior of fibril with soft inclu-
sions was compared to a reference homogeneous case. For a fibril with soft inclusions
post the local instability behavior, it was demonstrated that localized modes with
negative ω2 emerge; such behavior is absent in the case of a homogeneous fibril.
The cases of multiple patterned inclusions and voids were also considered. It was
observed that negative ω2 was specific to the fibril with soft inclusions due to the
negative post-buckling stiffness. The negative frequencies are a direct consequence
of the unstable post-buckling response. The localized modes with negative ω2 cor-
respond to linearly unstable modes.
Bloch wave analysis was conducted on the buckled fibrils to evaluate the wave
propagation properties of the fibrils with soft inclusions. It was observed that post
buckling fibrils with soft inclusions have stop band that bar the propagation of
elastic waves in the structure. These band-gaps emerge due to the local resonance
effect in the vicinity of the inclusion. It was shown in Fig.6.6a that the fibril with
soft inclusion has a low frequency band-gap, while fibrils with multiple patterned
inclusions demonstrated less band-gaps. The behavior of the fibril with a single
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inclusion remains similar in the limit of the inclusion stiffness going to zero (void),
however, an emergence of high frequency bands for the void case was observed. For
all three cases the band-gaps widen as the system is progressively loaded, indicating
possible modulation of band-gaps through controlled loading.
We note that in the above analysis, perfect bonding between the inclusion and
the matrix was assumed. While the possibility of cavitation on the tension side
of the substrate due to the debonding between the matrix and inclusion does exist,
cavitations could be limited by surface treatments. In our analysis, the stresses, and
strains are within the material limits. Accordingly, this process is entirely reversible,
and through unloading the original undeformed configuration of the fibril can be
retrieved. This opens pathways for modulating and tuning the dynamic response of
the fibril based on specific needs.
Through this study, we aimed to propose different elements to the current mate-
rial design paradigm offering interesting mechanical features, such as discontinuous
buckling and surface morphologies. We expect that the negative post buckling stiff-
ness could be utilized in developing negative stiffness systems with applications in
vibration isolation [71], damping [72], and enhanced energy harvesting[73]. We hope
that surface morphologies of fibrils with soft inclusions can be utilized in assemblage
of complex systems [74], photonic switching [75], or other applications. Finally, we
note the possibility of incorporating topology optimization in identifying the ideal
inclusions’ patterning for any specific application, whether it is vibration damping,
surface morphologies, or tuning band-gap structure.
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